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WIDE SUBCATEGORIES OF d-CLUSTER TILTING SUBCATEGORIES
MARTIN HERSCHEND, PETER JØRGENSEN, AND LAERTIS VASO
Abstract. A subcategory of an abelian category is wide if it is closed under sums, summands, kernels,
cokernels, and extensions. Wide subcategories provide a significant interface between representation
theory and combinatorics.
If Φ is a finite dimensional algebra, then each functorially finite wide subcategory of mod(Φ) is of the
form φ∗
(
mod(Γ)
)
in an essentially unique way, where Γ is a finite dimensional algebra and Φ
φ−→ Γ is
an algebra epimorphism satisfying TorΦ1 (Γ,Γ) = 0.
LetF ⊆ mod(Φ) be a d-cluster tilting subcategory as defined by Iyama. ThenF is a d-abelian category
as defined by Jasso, and we call a subcategory of F wide if it is closed under sums, summands, d-
kernels, d-cokernels, and d-extensions. We generalise the above description of wide subcategories to
this setting: Each functorially finite wide subcategory of F is of the form φ∗(G ) in an essentially
unique way, where Φ
φ−→ Γ is an algebra epimorphism satisfying TorΦd (Γ,Γ) = 0, and G ⊆ mod(Γ) is a
d-cluster tilting subcategory.
We illustrate the theory by computing the wide subcategories of some d-cluster tilting subcategories
F ⊆ mod(Φ) over algebras of the form Φ = kAm/(rad kAm)`.
Dedicated to Idun Reiten on the occasion of her 75th birthday
1. Introduction
Let d > 1 be an integer. This paper introduces and studies wide subcategories of d-abelian categories
as defined by Jasso. The main examples of d-abelian categories are d-cluster tilting subcategories
as defined by Iyama. For d = 1 these categories are abelian in the classic sense, hence our theory
generalises the theory of wide subcategories of abelian categories.
1.1. Outline. Let M be an abelian category. A full subcategory W ⊆M is called wide if it is closed
under sums, summands, kernels, cokernels, and extensions. Wide subcategories have been studied by
a number of authors because of their combinatorial and geometrical significance, see [2], [6], [11], [19],
[21], [23].
Now let M be a d-abelian category in the sense of Jasso, see Definition 2.3. While M does not have
kernels and cokernels, it does have d-kernels and d-cokernels; these are complexes of d objects with a
weaker universal property than kernels and cokernels. The main examples of d-abelian categories are
d-cluster tilting subcategories in the sense of Iyama, see Definition 2.4. There is an extensive theory of
d-cluster tilting subcategories, including a wealth of examples linked to combinatorics and geometry,
see [4], [9], [10], [12], [13], [15].
We say that a full subcategory W ⊆ M is wide if it is closed under sums, summands, d-kernels,
d-cokernels, and d-extensions, see Definition 2.8. This paper studies wide subcategories of d-abelian
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categories. Theorems A and B show that wide subcategories of d-cluster tilting subcategories are inti-
mately related to algebra homomorphisms and certain homologically well behaved objects. Theorem
C verifies the combinatorial significance of wide subcategories by giving a combinatorial description
of the wide subcategories of some fundamental d-cluster tilting subcategories.
1.2. Classic background: Wide subcategories of module categories. Algebra homomorphisms
are an important theoretical tool for studying wide subcategories of module categories. Let k be an
algebraically closed field. If Φ
φ−→ Γ is a homomorphism of finite dimensional k-algebras, then there
is a functor mod(Γ)
φ∗−→ mod(Φ) between the categories of finitely generated right modules, given by
restriction of scalars from Γ to Φ. The essential image φ∗
(
mod(Γ)
)
is a full subcategory of mod(Φ),
and it turns out that each functorially finite wide subcategory has this form.
Classic Theorem. Let Φ be a finite dimensional k-algebra. There is a bijection{
equivalence classes of pseudoflat epimorphisms
of finite dimensional k-algebras Φ
φ−→ Γ
}
→
{
functorially finite wide
subcategories of mod(Φ)
}
,
sending the equivalence class of Φ
φ−→ Γ to φ∗
(
mod(Γ)
)
. 2
Here, an epimorphism of finite dimensional k-algebras Φ
φ−→ Γ is an algebra homomorphism which
is an epimorphism in the category of rings. It is pseudoflat if TorΦ1 (Γ,Γ) = 0; this notion is due to
[1]. Equivalence of epimorphisms is defined straightforwardly, and we refer to Definition 4.3 for the
notion of functorial finiteness.
The Classic Theorem is due to the efforts of several authors. It can be obtained by combining Iyama’s
result [14, thm. 1.6.1(2)] with Schofield’s [23, Theorem 4.8]. It is stated explicitly by Marks and
Sˇtˇov´ıcˇek in [21, prop. 4.1]. There are important earlier results by Gabriel and de la Pen˜a, who worked
in the category Mod(Φ) of all right modules and considered subcategories closed under products,
coproducts, kernels, and cokernels, see [6]. There are related results by Geigle and Lenzing, see [7].
1.3. This paper: Wide subcategories of d-cluster tilting subcategories. Let F ⊆ mod(Φ) be
a d-cluster tilting subcategory as defined by Iyama, see Definition 2.4, where Φ is a finite dimensional
k-algebra. Then [16, thm. 3.16] implies that F is d-abelian in the sense of Jasso, see Definition 2.3.
We say that (Φ,F ) is a d-homological pair, and view F as a “higher” analogue of mod(Φ). Indeed,
if d = 1, then F = mod(Φ) is the unique choice.
Our first main result is the following generalisation of the above Classic Theorem, which appears as
the case d = 1.
Theorem A. Let (Φ,F ) be a d-homological pair. There is a bijection{
equivalence classes of d-pseudoflat epimorphisms
of d-homological pairs (Φ,F )
φ−→ (Γ,G )
}
→
{
functorially finite wide
subcategories of F
}
,
sending the equivalence class of (Φ,F )
φ−→ (Γ,G ) to φ∗(G ). 2
Here, an epimorphism of d-homological pairs (Φ,F )
φ−→ (Γ,G ) is an epimorphism of algebras Φ φ−→ Γ
such that φ∗(G ) ⊆ F . It is d-pseudoflat if TorΦd (Γ,Γ) = 0. Equivalence of epimorphisms is again
defined straightforwardly. See Definition 5.1.
The notion of a morphism d-homological pairs appears to be natural. For instance, a morphism gives
three functors which form two adjoint pairs between F and G , see Proposition 5.5. This may be
useful outside the theory of wide subcategories.
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The methods which lead to Theorem A also give the following result which applies to a more special
setup, but is well suited to computations.
Theorem B. Let (Φ,F ) be a d-homological pair and W ⊆ F a full subcategory closed under
isomorphisms in F . Let s ∈ W be a module.
Set Γ = EndΦ(s) so s acquires the structure ΓsΦ. Assume the following:
(i) The projective dimension satisfies projdim(sΦ) <∞.
(ii) Ext>1Φ (s, s) = 0.
(iii) Each w ∈ W permits an exact sequence 0→ pm → · · · → p1 → p0 → w → 0 in mod(Φ) with
pi ∈ add(s).
(iv) G := HomΦ(s,W ) ⊆ mod(Γ) is d-cluster tilting.
Then W is a wide subcategory of F and there is an equivalence of categories
−⊗
Γ
s : G → W . 2
The utility of Theorem B will be illustrated by showing a combinatorial description of the wide
subcategories of some fundamental d-cluster tilting subcategories. Let Q be the quiver
m→ · · · → 2→ 1
with m > 3. Assume that d and ` are positive integers such that d is even and
m− 1
`
=
d
2
.
It is shown in [26] that Φ = kQ/(rad kQ)` has global dimension d and that mod(Φ) has a unique
d-cluster tilting subcategory F consisting of the sums of projective and injective modules. We will
establish the following.
Theorem C. Let W ⊆ F be an additive subcategory which is not semisimple. Then W is wide if and
only if W is `-periodic (see Definition 7.5). In particular, there are exactly 2`− `− 1 non-semisimple
wide subcategories of F . 2
Note that we also characterise the semisimple wide subcategories of F in Proposition 7.3.
The paper is organised as follows: Section 2 collects a number of definitions which are used throughout.
Section 3 proves Theorem B. Sections 4 and 5 establish some properties of wide subcategories of d-
abelian categories and morphisms of d-homological pairs. Sections 6 and 7 prove Theorems A and
C.
2. Definitions
This section is a reminder of some fundamental definitions. They are all well known except Definition
2.8.
Setup 2.1. Throughout, k is an algebraically closed field, Φ, Γ, Λ are finite dimensional k-algebras,
and d > 1 is a fixed integer. Some associated categories are:
• The category of finitely generated right Φ-modules: mod(Φ).
• The derived category of right Φ-modules: D(Φ).
• The bounded derived category of finitely generated right Φ-modules: Db(mod Φ).
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Module structures are sometimes shown with subscripts: ΓsΦ shows that s is a Γ-Φ-bimodule. Duality
over k is denoted D(−) = Homk(−, k). 2
Definition 2.2 (Monomorphisms and epimorphisms). Let F be a category.
• A monomorphism in F is a morphism f 0 → f 1 such that each object f ∈ F induces an
injection F (f, f 0)→ F (f, f 1).
• An epimorphism in F is a morphism f1 → f0 such that each object f ∈ F induces an
injection F (f0, f)→ F (f1, f).
If W ⊆ mod(Φ) is a full subcategory, then each injection of modules in W is clearly a monomorphism
in W , but there may be more monomorphisms in W than injections. The analogous statement holds
for surjections versus epimorphisms. 2
Definition 2.3 (d-abelian categories, see [16, def. 3.1]). Let M be an additive category.
A d-kernel of a morphism m1 → m0 is a diagram md+1 → · · · → m1 such that
0→M (m,md+1)→ · · · →M (m,m2)→M (m,m1)→M (m,m0)
is exact for each m ∈M . The notion of d-cokernel is dual.
A d-exact sequence is a diagram md+1 → · · · → m0 such that
md+1 → · · · → m1 is a d-kernel of m1 → m0 and
md → · · · → m0 is a d-cokernel of md+1 → md.
The category M is called d-abelian if it satisfies:
(A0) M has split idempotents.
(A1) Each morphism in M has a d-kernel and a d-cokernel.
(A2) If md+1 → md is a monomorphism which has a d-cokernel md → · · · → m0, then md+1 →
· · · → m0 is a d-exact sequence.
(A2op) The dual of (A2).
Conditions (A2) and (A2op) can be replaced with:
(A2’) If md+1 → md is a monomorphism, then there exists a d-exact sequence md+1 → · · · → m0.
(A2’op) The dual of (A2’).
Note that 1-kernels, 1-cokernels, 1-exact sequences, and 1-abelian categories are synonymous with
kernels, cokernels, short exact sequences, and abelian categories. 2
Definition 2.4 (d-cluster tilting subcategories, see [12, def. 1.1]). A full subcategory F ⊆ mod(Φ)
is called d-cluster tilting if it is functorially finite (see Definition 4.3) and satisfies
F = {f ∈ mod(Φ) | Ext1Φ(F , f) = · · · = Extd−1Φ (F , f) = 0}
= {f ∈ mod(Φ) | Ext1Φ(f,F ) = · · · = Extd−1Φ (f,F ) = 0}.
Note that if d = 1 then F = mod(Φ). 2
Definition 2.5 (d-homological pairs). We say that (Φ,F ) is a d-homological pair if F ⊆ mod(Φ) is
a d-cluster tilting subcategory. 2
Remark 2.6. If (Φ,F ) is a d-homological pair, then F is a d-abelian category by [16, thm. 3.16].
Moreover, it is clear that F is an essentially small k-linear Hom-finite category, and p = ΦΦ is a
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projective generator. This means that p is a categorically projective object (see Definition 4.6) such
that each m ∈M permits an epimorphism p0 → m with p0 ∈ add(p).
Conversely, if M is an essentially small k-linear Hom-finite d-abelian category with a projective
generator p, then by [16, thm. 3.20] there is a d-homological pair (Φ,F ) with Φ = EndM (p) such that
M is equivalent to F . 2
Definition 2.7 (Additive subcategories). In an additive category, an additive subcategory is a full
subcategory closed under direct sums, direct summands, and isomorphisms in the ambient category.
Definition 2.8 (Wide subcategories). An additive subcategory W of a d-abelian categoryM is called
wide if it satisfies the following conditions:
(i) Each morphism in W has a d-kernel in M which consists of objects from W .
(ii) Each morphism in W has a d-cokernel in M which consists of objects from W .
(iii) Each d-exact sequence in M ,
0→ w′ → md → · · · → m1 → w′′ → 0,
with w′, w′′ ∈ W is Yoneda equivalent to a d-exact sequence in M ,
0→ w′ → wd → · · · → w1 → w′′ → 0,
with wi ∈ W for each i. 2
3. Proof of Theorem B
This section proves Theorem B.
Definition 3.1 (Resolutions). Let F ⊆ mod(Φ) be an additive subcategory and m ∈ mod(Φ) an
object. An augmented left F -resolution of m is a sequence
· · · → f2 → f1 → f0 → m→ 0
with fi ∈ F for each i, which becomes exact under HomΦ(f,−) for each f ∈ F . Then
· · · → f2 → f1 → f0 → 0→ · · ·
is called a left F -resolution of m. 2
The following lemma is due to Iyama.
Lemma 3.2. Let (Φ,F ) be a d-homological pair. Each m ∈ mod(Φ) has an augmented left F -
resolution of the form
· · · → 0→ fd−1 → fd−2 → · · · → f1 → f0 → m→ 0.
Conversely, an exact sequence of this form with fi ∈ F for each i is an augmented left F -resolution
of m.
Lemma 3.3. Let (Φ,F ) be a d-homological pair, x a finitely generated left Φ-module, ` > 0 an
integer. Then
TorΦ>`(F , x) = 0 (3.1)
if and only if projdim(Φx) 6 `.
Proof. It is clear that projdim(Φx) 6 ` implies (3.1).
Conversely, assume (3.1). By the dual of Lemma 3.2 each z ∈ mod(Φ) permits an exact sequence
0→ z → f 0 → · · · → fd−1 → 0 with f i ∈ F . The complex
f = · · · → 0→ f 0 → · · · → fd−1 → 0→ · · ·
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is isomorphic to z in Db(mod Φ) and we must prove TorΦ>`(f, x) = 0.
To show this, let j be an integer with 0 6 j 6 d− 1 and consider a complex
e = · · · → 0→ ej → · · · → ed−1 → 0→ · · ·
with ei ∈ F for each i. We prove by descending induction on j that TorΦ>`(e, x) = 0. If j = d − 1
then e is concentrated in cohomological degree j = d − 1. This means that e = Σ−jej so TorΦ>`(e, x)
is isomorphic to
TorΦ>`(Σ
−jej, x) = TorΦ>`+j(e
j, x) = 0 (3.2)
where the last equality is by (3.1). If j < d− 1 then hard truncation gives a triangle e′ → e→ e′′ in
Db(mod Φ) with
e′ = · · · → 0 → 0 → ej+1 → · · · → ed−1 → 0 → · · · ,
e′′ = · · · → 0 → ej → 0 → · · · → 0 → 0 → · · · .
This gives a long exact sequence consisting of pieces
TorΦi (e
′, x)→ TorΦi (e, x)→ TorΦi (e′′, x).
But TorΦ>`(e
′, x) = 0 holds by induction, and TorΦ>`(e
′′, x) is zero because it is isomorphic to the
expression in Equation (3.2) since e′′ = Σ−jej. Hence the long exact sequence shows TorΦ>`(e, x) = 0
as desired. 
Remark 3.4 (Induced homomorphisms of Ext groups). Let mod(Γ)
G→ mod(Φ) be an exact functor,
n′, n′′ ∈ mod(Γ) modules, i > 1 an integer.
(i) There is an induced homomorphism of Yoneda Ext groups,
ExtiΓ(n
′′, n′)
G(−)
// ExtiΦ(Gn
′′, Gn′), (3.3)
given by
G
(
[0→ n′ → ei → · · · → e1 → n′′ → 0]
)
= [0→ Gn′ → Gei → · · · → Ge1 → Gn′′ → 0],
where square brackets denote the class of an extension in the Yoneda Ext group.
(ii) There is an induced homomorphism of Hom spaces in the derived categories,
HomDb(mod Γ)(n
′′,Σin′)
G(−)
// HomDb(mod Φ)(Gn
′′,ΣiGn′), (3.4)
obtained from
Db(mod Γ)
G(−)
// Db(mod Φ),
the canonical extension of the exact functor G to a triangulated functor.
It is well known that under the canonical identification of Yoneda Ext groups with Hom spaces in
the derived categories, the homomorphisms (3.3) and (3.4) are identified. This implies the following
lemma. 2
Lemma 3.5. If the homomorphism (3.4) of Hom spaces in the derived categories is bijective, then so
is the homomorphism (3.3) of Yoneda Ext groups.
Lemma 3.6. Let s ∈ mod(Φ) be given. Set Γ = EndΦ(s) so s acquires the structure ΓsΦ. Assume the
following:
(i) projdim(sΦ) <∞.
(ii) Ext>1Φ (s, s) = 0.
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If projdim(Γs) <∞, then there is a functor
Db(mod Γ)
L(−) = −L⊗
Γ
s
// Db(mod Φ) (3.5)
which is full and faithful.
If Γs is projective, then the functor
mod(Γ)
G(−) = −⊗
Γ
s
// mod(Φ) (3.6)
satisfies:
(a) G is exact, full, and faithful.
(b) Let n′, n′′ ∈ mod(Γ) and an integer i > 1 be given. Then the induced homomorphism of
Yoneda Ext groups ExtiΓ(n
′′, n′)
G(−)
// ExtiΦ(Gn
′′, Gn′) is bijective (cf. Remark 3.4(i)).
Proof. Observe that s can be viewed as a right (Γop⊗
k
Φ)-module. It has a projective resolution p over
Γop ⊗
k
Φ, and p consists of modules which are projective when viewed as right Φ-modules. If we set
m = projdim(sΦ), then the soft truncation
q = · · · → 0→ Im ∂pm → pm−1 → · · · → p0 → 0→ · · ·
consists of modules which are projective when viewed as right Φ-modules. We can view q as a complex
of Γ-Φ-bimodules, and there is a quasi-isomorphism q
θ−→ s. When viewed as a complex of right Φ-
modules, q is a bounded projective resolution of sΦ.
Now consider the functor L from Equation (3.5). It makes sense because Γs is finite dimensional over
k and has finite projective dimension, whence − L⊗
Γ
s maps Db(mod Γ) to Db(mod Φ). Likewise, sΦ is
finite dimensional over k and has finite projective dimension, whence RHomΦ(s,−) maps Db(mod Φ)
to Db(mod Γ). Hence there is an adjoint pair
Db(mod Γ)
L(−) = −L⊗
Γ
s
//
Db(mod Φ).
RHomΦ(s,−)
oo
To see that L is full and faithful, it is enough by the dual of [20, thm. 1, p. 90] to show that the unit
η of the adjunction is a natural equivalence. We do so by computing
g
ηg−→ RHomΦ(s, g
L⊗
Γ
s)
for each g ∈ Db(mod Γ) and showing that it is an isomorphism.
We know that g has a projective resolution r which is a right bounded complex consisting of finitely
generated projective right Γ-modules. There are chain maps
r
ζr−→ HomΦ(s, r ⊗
Γ
s)
θ∗−→ HomΦ(q, r ⊗
Γ
s) (3.7)
where ζ is the unit of the ⊗–Hom-adjunction. We claim that the image of θ∗ ◦ ζr in Db(mod Γ) is
isomorphic to ηg and that θ
∗ ◦ ζr is a quasi-isomorphism; this implies that ηg is an isomorphism as
desired.
To see that the image of θ∗◦ζr in Db(mod Γ) is isomorphic to ηg, note that r is a projective resolution
of g and recall that, when viewed as a complex of right Φ-modules, q is a projective resolution of s.
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Hence the target of θ∗ ◦ ζr is RHomΦ(s, g
L⊗
Γ
s). To see that θ∗ ◦ ζr is a quasi-isomorphism, note that
ζr is an isomorphism because r consists of finitely generated projective right Γ-modules while we have
Γ = EndΦ(s). Moreover, r ⊗
Γ
s is a right bounded complex consisting of modules in add(sΦ), and
condition (ii) in the lemma implies that
HomΦ(s, s˜)
HomΦ(θ,s˜) // HomΦ(q, s˜)
is a quasi-isomorphism for each s˜ ∈ add(sΦ). But s and q are bounded complexes so it follows from
[3, prop. 2.7(b)] that
HomΦ(s, r ⊗
Γ
s)
θ∗ // HomΦ(q, r ⊗
Γ
s)
is a quasi-isomorphism.
Next consider the functor G from Equation (3.6). Since Γs is projective, G is exact. The canonical
extension of G to a triangulated functor is L. Since L is full and faithful, we learn that G is full and
faithful, proving (a) in the lemma. We also learn that the map (3.4) is bijective. Hence the map (3.3)
is bijective by Lemma 3.5, proving (b) in the lemma. 
Definition 3.7 (Essential images). If G
G−→ F is a functor then the essential image is the full
subcategory
G(G ) = {f ∈ F | f ∼= G(g) for some g ∈ G }. 2
Proposition 3.8. Let (Φ,F ) and (Γ,G ) be d-homological pairs, mod(Γ)
G→ mod(Φ) a functor. As-
sume the following:
(a) G is exact and restricts to a full and faithful functor G → F .
(b) Let g′, g′′ ∈ G be given. Then the induced homomorphism ExtdΓ(g′′, g′)
G(−)
// ExtdΦ(Gg
′′, Gg′)
of Yoneda Ext groups is bijective (cf. Remark 3.4(i)).
Then the essential image G(G ) is a wide subcategory of F .
Proof. Using that G is additive, full, and faithful, it is easy to check that G(G ) is an additive subca-
tegory of F . We check that G(G ) has properties (i)–(iii) in Definition 2.8.
(i): Consider a morphism in G(G ). Up to isomorphism, it has the form Gg1
Gγ1−→ Gg0 because G is
full. Since G is d-abelian, we can augment γ1 with a d-kernel in G to get
0 −→ gd+1 −→ · · · −→ g2 −→ g1 γ1−→ g0.
This is an exact sequence in mod(Γ) by [17, prop. 2.6]. The sequence
0 −→ Ggd+1 −→ · · · −→ Gg2 −→ Gg1 Gγ1−→ Gg0
in mod(Φ) is exact and has terms in F by condition (a). The dual of [16, prop. 3.18] implies that
given such an exact sequence with terms in F , a d-kernel in F of Gγ1 is given by Ggd+1 −→ · · · −→
Gg2 −→ Gg1. In particular, Gγ1 has a d-kernel in F with terms which are in G(G ).
(ii): Dual to (i).
(iii): Consider a d-exact sequence in F ,
0→ Gg′ → fd → · · · → f1 → Gg′′ → 0,
with g′, g′′ ∈ G . It is a d-extension in mod(Φ) so by condition (b) it is Yoneda equivalent to
0→ Gg′ → Ged → · · · → Ge1 → Gg′′ → 0
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for some d-extension 0→ g′ → ed → · · · → e1 → g′′ → 0 in mod(Γ). However, [13, prop. A.1] implies
that each d-extension between objects in the d-cluster tilting subcategory G is Yoneda equivalent to
a d-extension with each term in G . Hence we can assume ed, . . . , e1 ∈ G whence Ged, . . . , Ge1 ∈ G(G )
as desired. 
Proof (of Theorem B). The d-homological pair (Φ,F ) is given, setting G = HomΦ(s,W ) gives a
d-homological pair (Γ,G ) by condition (iv) in Theorem B, and we set G = −⊗
Γ
s : mod(Γ)→ mod(Φ).
Given w ∈ W , consider g = HomΦ(s, w), which is in G by definition. Condition (iii) in Theorem B
gives an exact sequence
· · · → 0→ pm → · · · → p1 → p0 → w → 0.
Applying HomΦ(s,−) gives
· · · → 0→ qm → · · · → q1 → q0 → g → 0.
This is an exact sequence in mod(Γ) since pi ∈ add(sΦ) and Ext>1Φ (s, s) = 0. Hence it is an augmented
projective resolution of g. Applying −⊗
Γ
s to
0→ qm → · · · → q1 → q0 → 0,
we obtain a complex isomorphic to
0→ pm → · · · → p1 → p0 → 0.
Indeed, this follows as HomΦ(s,−) and − ⊗
Γ
s restrict to quasi-inverse equivalences between add(sΦ)
and add(ΓΓ). Consequently,
TorΓi (g, s) =
{
w for i = 0,
0 for i > 0.
Observe that if w varies through W , then g = HomΦ(s, w) varies through all of G by definition. Hence
we conclude G ⊗
Γ
s = W , that is W = G(G ). We also conclude TorΓ>0(G , s) = 0 whence Γs is projective
by Lemma 3.3. Combining with conditions (i) and (ii) in Theorem B shows that Lemma 3.6 applies.
Hence parts (a) and (b) of that lemma say that parts (a) and (b) of Proposition 3.8 hold, so that
proposition implies that G(G ) is wide. Lemma 3.6(a) gives that G is full and faithful, so it restricts
to an equivalence
−⊗
Γ
s : G → W . 2
4. Properties of wide subcategories of d-abelian categories
This section shows some properties of wide subcategories of d-abelian categories in general and of
d-cluster tilting subcategories in particular.
Proposition 4.1. Let W be a wide subcategory of a d-abelian category M , and let w1
ϕ−→ w0 be a
morphism in W .
(i) ϕ is a monomorphism in W ⇔ ϕ is a monomorphism in M .
(ii) ϕ is an epimorphism in W ⇔ ϕ is an epimorphism in M .
Proof. (i) The implication ⇐ is clear. To show ⇒, assume that ϕ is not a monomorphism in M .
Then there is a non-zero morphism m
µ−→ w1 in M such that µ 6= 0 but ϕµ = 0. By Definition 2.8(i)
we can augment ϕ with an d-kernel in M ,
0 −→ wd+1 −→ · · · −→ w2 ψ−→ w1 ϕ−→ w0,
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with wi ∈ W for each i. Since ϕµ = 0, there is a morphism m ν−→ w2 with ψν = µ. Then µ 6= 0
implies ψ 6= 0, but we have ϕψ = 0 so ϕ is not a monomorphism in W .
(ii) is dual to (i). 
Proposition 4.2. Let W be a wide subcategory of a d-abelian category M .
(i) W is a d-abelian category.
(ii) Each d-exact sequence in the d-abelian category W is a d-exact sequence when viewed in M .
Proof. (i): By definition, W is an additive subcategory of M , that is, it is full and closed under sums
and summands in M . In particular, it is an additive category. We show that W satisfies the axioms
for d-abelian categories, see Definition 2.3.
(A0): W is idempotent complete because it is closed under summands in the idempotent complete
category M .
(A1): It is clear from Definition 2.8, parts (i) and (ii), that each morphism in W has a d-kernel and
a d-cokernel in W .
(A2’): Let wd+1
ϕ−→ wd be a monomorphism in W . By Definition 2.8(ii) we can complete with a
d-cokernel in M which consists of objects from W to get the following diagram.
0 −→ wd+1 ϕ−→ wd −→ wd−1 −→ · · · −→ w0 −→ 0 (4.1)
Proposition 4.1(i) says that ϕ is a monomorphism in M , so axiom (A2) for M gives that (4.1) is a
d-exact sequence in M . This clearly implies that it is d-exact in W , verifying axiom (A2’) for W .
(A2op’): Dual to (A2’).
(ii): Suppose that (4.1) is a d-exact sequence in W which is a d-abelian category by (i). Then ϕ is
a monomorphism in W , so also a monomorphism in M by Proposition 4.1(i). Completing it with a
d-cokernel in M gives an d-exact sequence in M ,
0 −→ wd+1 ϕ−→ wd −→ w′d−1 −→ · · · −→ w′0 −→ 0, (4.2)
see [16, def. 3.1, axiom (A2)]. By Definition 2.8(ii) we can assume w′d−1, . . . , w
′
0 ∈ W , and then (4.2)
is clearly a d-exact sequence in W .
It follows from [16, prop. 2.7] that (4.1) and (4.2) are homotopy equivalent. They remain so after
applying M (m,−), so
0 −→M (m,wd+1) ϕ∗−→M (m,wd) −→M (m,wd−1) −→ · · · −→M (m,w0) (4.3)
is homotopy equivalent to
0 −→M (m,wd+1) ϕ∗−→M (m,wd) −→M (m,w′d−1) −→ · · · −→M (m,w′0). (4.4)
But (4.2) is d-exact in M , so (4.4) is exact for each m ∈ M , hence (4.3) is exact for each m ∈ M .
Similarly,
0 −→M (w0,m) −→ · · · −→M (wd−1,m) −→M (wd,m) ϕ
∗−→M (wd+1,m)
is exact for each m ∈M . This shows that (4.1) is d-exact in M . 
Definition 4.3 (Envelopes, see [5, sec. 1]). Let F be a category and W ⊆ F a full subcategory. A
morphism f
ϕ→ w in F with w ∈ W is called:
WIDE SUBCATEGORIES OF d-CLUSTER TILTING SUBCATEGORIES 11
• A W -preenvelope of f if it has the extension property
f
ϕ //

w
∃

w′
for each morphism f → w′ with w′ ∈ W .
• A W -envelope of f if it is a W -preenvelope such that each morphism w ω→ w with ωϕ = ϕ is
an automorphism.
• A strong W -envelope of f if it has the unique extension property
f
ϕ //

w
∃!

w′
for each morphism f → w′ with w′ ∈ W .
A strong envelope is clearly an envelope. We say that W is preenveloping (resp. enveloping, resp.
strongly enveloping) in F if each f ∈ F has a W -preenvelope (resp. envelope, resp. strong envelope).
The dual notion to preenvelope is precover, and W is called functorially finite if it is preenveloping
and precovering. 2
Lemma 4.4. Let F be a category and let W ⊆ F be a full subcategory. The inclusion functor
W
i∗−→ F has a left adjoint F i∗−→ W if and only if W is strongly enveloping in F .
In this case, each f ∈ F has the strong W -envelope f ηf−→ i∗i∗f where η is the unit of the adjunction.
Proof. If i∗ exists, then adjoint functor theory implies that the unit of the adjunction η gives a strong
W -envelope f
ηf−→ i∗i∗f for each f ∈ F , see [20, p. 91, line 10 from the bottom]. Conversely, if W
is strongly enveloping in F , then we can get a left adjoint i∗ by setting i∗f = w when f → w is a
strong W -envelope. 
Proposition 4.5. Let W be a wide subcategory of a d-abelian category M . Then:
(i) The inclusion functor W
i∗−→M has a left adjoint M i∗−→ W if and only if W is enveloping
in M .
(ii) Each W -envelope in M is a strong W -envelope in M (see Definition 4.3).
Proof. (ii): Let m
µ−→ w1 be a W -envelope. In particular, each morphism m → w0 with w0 ∈ W
factors through µ. To show that µ is a strong W -envelope, we must show that the factorisation is
unique. That is, if w1
ω1−→ w0 satisfies ω1µ = 0, then we must show ω1 = 0.
Since W is wide, we can augment ω1 with a d-kernel in M which consists of objects from W :
0 −→ wd+1 −→ · · · −→ w2 ω2−→ w1 ω1−→ w0.
Observe that ω1ω2 = 0. Since ω1µ = 0, there is m
µ˜−→ w2 with ω2µ˜ = µ. Since w2 ∈ W , there is
w1
ω˜−→ w2 with ω˜µ = µ˜. Hence ω2ω˜µ = ω2µ˜ = µ. Since µ is a W -envelope, it follows that ω2ω˜ is an
automorphism. But then 0 = 0 ◦ ω˜ = ω1ω2 ◦ ω˜ = ω1 ◦ ω2ω˜ implies ω1 = 0.
(i): Follows from (ii) and Lemma 4.4. 
Definition 4.6 (Three types of projective objects). Let W be an additive category.
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• A categorically projective object of W is an object p ∈ W such that each epimorphism w1 → w0
in W induces a surjection W (p, w1)→ W (p, w0).
Now let W ⊆ mod(Φ) be an additive subcategory.
• A splitting projective object of W is an object p0 ∈ W such that each surjection w → p0 with
w ∈ W is split.
• An Extd-projective object of W is an object pe ∈ W such that ExtdΦ(pe,W ) = 0.
The additive subcategories of categorically projective (resp. splitting projective, resp. Extd-projective)
objects of W are denoted P (W ) (resp. P0(W ), resp. Pe(W )). 2
Proposition 4.7. Let (Φ,F ) be a d-homological pair and W ⊆ F a wide subcategory. Then P (W ) =
P0(W ) = Pe(W ).
Proof. P (W ) ⊆ P0(W ): This is clear from Definition 4.6.
P0(W ) ⊆ Pe(W ): Let p0 ∈ P0(W ) and w ∈ W be given and consider a d-extension
0 −→ w −→ wd −→ · · · −→ w1 ω1−→ p0 −→ 0
representing an element ε ∈ ExtdΦ(p0, w). By [13, prop. A.1] we can assume wi ∈ F for each i. Hence
by Definition 2.8(iii) we can assume wi ∈ W for each i. But w1 ∈ W and p0 ∈ P0(W ) imply that ω1
is split whence ε = 0, and ExtdΦ(p0,W ) = 0 follows.
Pe(W ) ⊆ P (W ): Let pe ∈ Pe(W ) be given. Let w1 ω1−→ w0 be an epimorphism in W . Proposition
4.2(i) says that W is d-abelian, so we can complete with an d-kernel in W to get a d-exact sequence
in W ,
0 −→ wd+1 −→ wd −→ · · · −→ w2 −→ w1 ω1−→ w0 −→ 0.
By Proposition 4.2(ii) this is a d-exact sequence in F , so it is an exact sequence in mod(Φ) by [18,
lem. 6.1]. Hence [17, prop. 2.2] gives a long exact sequence containing
HomΦ(pe, w1)
(ω1)∗−→ HomΦ(pe, w0) −→ ExtdΦ(pe, wd+1).
The last term is 0 since pe ∈ Pe(W ) and wd+1 ∈ W , so (ω1)∗ is surjective which shows pe ∈ P (W ). 
Definition 4.8 (Projectively generated d-abelian categories, see [16, def. 3.19]). A d-abelian category
M is called projectively generated if each m ∈ M permits an epimorphism p → m where p is
categorically projective in M . 2
Proposition 4.9. Let (Φ,F ) be a d-homological pair and W ⊆ F a wide subcategory. Note that W
is a d-abelian category by Proposition 4.2(i).
Assume that the inclusion functor W
i∗−→ F has a left adjoint F i∗−→ W . Set s = i∗(ΦΦ). Then:
(i) W is projectively generated.
(ii) P (W ) = add(s).
Proof. Observe that i∗i∗ is equivalent to the identity on W (see [20, p. 91]), and that i∗ preserves
epimorphisms (see [20, p. 119]) and categorically projective objects (the dual of the proof of [22, lem.
2.7] applies). In particular, s = i∗(ΦΦ) is a categorically projective object in W .
Let w ∈ W be given. There is a surjection ΦnΦ → i∗w. It is an epimorphism inF , so i∗(ΦnΦ)→ i∗i∗w,
which is isomorphic to sn → w, is an epimorphism in W with sn a categorically projective object in
W . This shows (i).
For (ii) we show the two inclusions:
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⊆: Let p ∈ P (W ) be given. Setting w = p above shows that there is an epimorphism sn → p. It must
split whence p ∈ add(s).
⊇: Immediate because s is a categorically projective object in W . 
Proposition 4.10. Let (Φ,F ) be a d-homological pair and W ⊆ F a wide subcategory. Note that
W is a d-abelian category by Proposition 4.2(i).
Assume that W is projectively generated. Then for each w ∈ W there is a sequence
· · · → p2 → p1 → p0 → w → 0 (4.5)
in mod(Φ) with pi ∈ P (W ) for each i, such that:
(i) The sequence is exact.
(ii) The sequence remains exact when we apply the functor HomΦ(p,−) with p ∈ P (W ).
Proof. Conditions (i) and (ii) make sense for any sequence in mod(Φ). We construct (4.5) by starting
with the morphism w → 0 and using the following repeatedly: Given a morphism w′ ω′−→ w′′ in W ,
there is a sequence
p′ pi
′−→ w′ ω′−→ w′′ (4.6)
in mod(Φ) with p′ ∈ P (W ), which satisfies conditions (i) and (ii).
To show this, complete w′ ω
′−→ w′′ with a d-kernel in F ,
0 −→ wd −→ · · · −→ w1 ω1−→ w′ ω
′−→ w′′, (4.7)
where we can assume wi ∈ W for each i by Definition 2.8(i). Let p′ pi1−→ w1 be an epimorphism in W
with p′ ∈ P (W ). Let pi′ be the composition p′ pi1−→ w1 ω1−→ w′. Then (4.6) satisfies conditions (i) and
(ii):
(ii): By the definition of d-kernels, (4.7) becomes exact upon applying the functor HomΦ(f,−) for
f ∈ F . In particular, the part w1 ω1−→ w′ ω
′−→ w′′ becomes exact upon applying HomΦ(p,−) for
p ∈ P (W ). Moreover, p′ pi1−→ w1 is an epimorphism in W so becomes surjective upon applying
HomΦ(p,−). This proves (ii).
(i): This follows by replacing p with Φ in the proof of (ii). The reason p′ pi1−→ w1 becomes surjective
upon applying HomΦ(Φ,−) is that pi1 is an epimorphism in F by Proposition 4.1(ii). 
5. Morphisms of d-homological pairs
Recall that Definition 2.5 introduced d-homological pairs. This section defines morphisms of d-
homological pairs and shows some properties.
Definition 5.1 (Morphisms of d-homological pairs). A morphism of d-homological pairs (Φ,F )
φ−→
(Γ,G ) is an algebra homomorphism Φ
φ−→ Γ satisfying φ∗(G ) ⊆ F , where φ∗ : mod(Γ)→ mod(Φ) is
the functor given by restriction of scalars. Given such a φ, there is a functor
G
φ•−→ F
defined by φ• = φ∗|G .
We say that φ is:
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• An isomorphism of d-homological pairs if the algebra homomorphism φ is bijective. Then
φ∗ is an equivalence, and so is φ• since one d-cluster tilting subcategory cannot be strictly
contained in another.
• An epimorphism of d-homological pairs if the algebra homomorphism φ is an epimorphism in
the category of rings.
• d-pseudoflat if TorΦd (Γ,Γ) = 0.
A second morphism of d-homological pairs (Φ,F )
φ˜−→ (Γ˜, G˜ ) is equivalent to φ if there is an iso-
morphism of d-homological pairs (Γ˜, G˜ )
γ˜−→ (Γ,G ) such that γ˜φ˜ = φ as algebra homomorphisms.2
Remark 5.2. Let (Φ,F )
φ→ (Γ,G ) be a morphism of d-homological pairs. Then the following are
equivalent:
(i) φ is an epimorphism of d-homological pairs.
(ii) The functor mod(Γ)
φ∗−→ mod(Φ) is full and faithful.
(iii) The multiplication map Γ⊗
Φ
Γ→ Γ is bijective.
Indeed, these properties only concern the algebra homomorphism Φ
φ→ Γ and the module categories
mod(Φ) and mod(Γ), and they are equivalent by [24, prop. 1.1] and [25, prop. 1.2]. 2
Remark 5.3 (Functors associated to morphisms). Let Φ
φ→ Γ be an algebra homomorphism. The
restriction of scalars functor φ∗ is exact. It satisfies
φ∗(−) ∼= HomΓ(Γ,−) ∼= −⊗
Γ
Γ
so φ∗ has left and right adjoint functors
φ∗(−) = −⊗
Φ
Γ , φ!(−) = HomΦ(Γ,−)
and we get a diagram
mod(Γ)
φ∗(−) // mod(Φ).
φ∗(−)
xx
φ!(−)
ff
2
Remark 5.4. Recall that if u, v, x, y are modules, then
HiRHom(u, v) ∼= Exti(u, v) and Hi(x
L⊗ y) ∼= Tori(x, y). 2
Proposition 5.5. Let (Φ,F )
φ→ (Γ,G ) be a morphism of d-homological pairs. Then φ∗, φ∗, φ!
restrict to functors
G
φ• // F
φ•
xx
φ?
ff
where each is a left adjoint of the one below it.
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Proof. We have φ∗(G ) ⊆ F by definition, and it is clearly enough to show
φ∗(F ) ⊆ G , φ!(F ) ⊆ G . (5.1)
Observe that if f ∈ F and g ∈ G , then φ∗(g) ∈ F whence
HiRHomΦ(φ∗g, f) = 0 for i ∈ {1, . . . , d− 1} (5.2)
by Remark 5.4.
The second inclusion in (5.1) can be proved as follows: Let f ∈ F be given. Then Remark 5.4 implies
HiRHomΦ(Γ, f) = 0 for i 6 −1 and H0RHomΦ(Γ, f) ∼= HomΦ(Γ, f), so there is a triangle
HomΦ(Γ, f)→ RHomΦ(Γ, f)→ x→ (5.3)
in D(Γ) where Hix = 0 for i 6 1. In fact, we even have
Hix = 0 for i 6 d− 1. (5.4)
To see this, note that HiRHomΦ(Γ, f) = 0 for i = 1, . . . , d− 1 by (5.2) with g = ΓΓ and use the long
exact cohomology sequence of (5.3).
Now let g ∈ G be given. Applying RHomΓ(g,−) to (5.3) gives a triangle in D(k),
RHomΓ
(
g,HomΦ(Γ, f)
)→ RHomΓ(g,RHomΦ(Γ, f))→ RHomΓ(g, x)→, (5.5)
where the first term is RHomΓ(g, φ
!f). The second term can be rewritten using adjointness of
L⊗
Γ
and
RHomΦ:
RHomΓ
(
g,RHomΦ(Γ, f)
) ∼= RHomΦ(g L⊗
Γ
Γ, f) ∼= RHomΦ(φ∗g, f).
Hence (5.5) is isomorphic to the triangle
RHomΓ(g, φ
!f)→ RHomΦ(φ∗g, f)→ RHomΓ(g, x)→ . (5.6)
The cohomology of the second term satisfies (5.2). The cohomology of the third term satisfies
HiRHomΓ(g, x) = 0 for i 6 d− 1 because of (5.4). Hence the long exact sequence of (5.6) shows that
the cohomology of the first term satisfies
HiRHomΓ(g, φ
!f) = 0 for i = 1, . . . , d− 1.
By Remark 5.4 this shows φ!f ∈ G as desired, since g ∈ G is arbitrary.
A variation of this method proves the first inclusion in (5.1). 
Proposition 5.6. A morphism of d-homological pairs (Φ,F )
φ−→ (Γ,G ) is an epimorphism of d-
homological pairs if and only if the functor G
φ•−→ F is full and faithful.
Proof. By Remark 5.2, we must show that mod(Γ)
φ∗−→ mod(Φ) is full and faithful if and only if so is
G
φ•−→ F .
On the one hand, if φ∗ is full and faithful, then so is its restriction φ•. On the other hand, assume
that φ• is full and faithful. Since φ∗ is restriction of scalars, it is clearly faithful. To see that it is full,
let a morphism φ∗(n) ψ→ φ∗(n′) be given. By Lemma 3.2 there are augmented G -resolutions
· · · → 0→ gd−1 → · · · → g0 → n→ 0 , · · · → 0→ g′d−1 → · · · → g′0 → n′ → 0.
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By Remark 5.3, the functor φ∗ sends them to the exact sequences which form the top and bottom
rows of the following diagram.
· · · // 0 //

φ•(gd−1) //
ψd−1

· · · // φ•(g0) //
ψ0

φ∗(n) //
ψ

0
· · · // 0 // φ•(g′d−1) // · · · // φ•(g′0) // φ∗(n′) // 0
Here ψ lifts to the ψi because the φ•(gi) and φ•(g′i) are inF by assumption, whence the top and bottom
rows are augmented left F -resolutions of φ∗(n) and φ∗(n′) by Lemma 3.2. We have ψi = φ•(γi) for
certain γi because φ• is full. This gives a commutative diagram
· · · // 0 //

gd−1 //
γd−1

· · · // g0 //
γ0

n //
γ

0
· · · // 0 // g′d−1 // · · · // g′0 // n′ // 0
where the γi induce γ. It follows that ψ = ϕ∗(γ). 
Lemma 5.7. Let (Φ,F )
φ→ (Γ,G ) be a morphism of d-homological pairs. Then TorΦi (Γ,Γ) = 0 for
i ∈ {1, . . . , d− 1}.
Proof. There is an isomorphism TorΦi (Γ,Γ)
∼= DExtiΦ(Γ,DΓ) = (∗), and we can write (∗) more elabo-
rately as
(∗) = DExtiΦ
(
φ∗(ΓΓ), φ∗((DΓ)Γ)
)
.
This expression is zero for i = 1, . . . , d− 1 because ΓΓ and (DΓ)Γ are projective and injective, hence
in G , whence φ∗(ΓΓ), φ∗((DΓ)Γ) ∈ F . 
It is natural to include the following proposition although it will not be used later.
Proposition 5.8. Let (Φ,F )
φ→ (Γ,G ) be a d-pseudoflat epimorphism of d-homological pairs.
(i) If gldim(Φ) 6 d then gldim(Γ) 6 d and φ is a homological epimorphism in the sense of [7,
def. 4.5].
(ii) If Φ is d-representation finite in the sense of [15, def. 2.1], then so is Γ.
Proof. (i): It is enough to show that φ is a homological epimorphism since gldim(Γ) 6 d then follows
from [7, cor. 4.6].
The multiplication map Γ⊗
Φ
Γ→ Γ is bijective by Remark 5.2. We have TorΦi (Γ,Γ) = 0 for 1 6 i: For
1 6 i 6 d− 1 this holds by Lemma 5.7, for i = d by Definition 5.1, and for d+ 1 6 i by gldim(Φ) 6 d.
Hence φ is a homological epimorphism.
(ii): Suppose that Φ is d-representation finite. Then gldim(Φ) 6 d by definition so gldim(Γ) 6 d
by (i). Moreover, the d-cluster tilting subcategory F is unique and has finitely many isomorphism
classes of indecomposable objects by [12, thm. 1.6]. Since G
φ•−→ F is full and faithful by Proposition
5.6, the cluster tilting subcategory G also has finitely many isomorphism classes of indecomposable
objects. Hence G = add(g) for some g ∈ mod(Γ) so g is a d-cluster tilting object in the sense of [15,
def. 2.1]. This shows that Γ is d-representation finite. 
The rest of this section deals with the more complicated situation where gldim(Φ) is unrestricted.
This is needed in the proof of Theorem A.
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Lemma 5.9. Let (Φ,F )
φ→ (Γ,G ) be a d-pseudoflat epimorphism of d-homological pairs. Consider
the adjoint functors
D(Φ)
−L⊗
Φ
Γ
//
D(Γ).
RHomΓ(Γ,−)
oo
Given n ∈ mod(Γ), the counit morphism εn can be completed to a triangle
x −→ RHomΓ(Γ, n)
L⊗
Φ
Γ
εn−→ n −→
in D(Γ) which satisfies
Hi(x) = 0 for i 6 d. (5.7)
Proof. First observe that if n is a Γ-Γ-bimodule, then the triangle in the lemma lifts canonically to a
triangle in D(Γe), the derived category of Γ-bimodules. In the special case n = Γ this gives a triangle
c −→ RHomΓ(Γ,Γ)
L⊗
Φ
Γ
µ−→ Γ −→ (5.8)
in D(Γe).
The second term of (5.8) is isomorphic to Γ
L⊗
Φ
Γ. It follows that Hi of the second term is zero for
i 6 −1 by Remark 5.4, zero for i = 1, . . . , d − 1 by Remark 5.4 and Lemma 5.7, and zero for i = d
by Remark 5.4 and Definition 5.1. Moreover, H0(µ) is bijective since µ is isomorphic to the derived
multiplication morphism Γ
L⊗
Φ
Γ → Γ, whence H0(µ) can be identified with the usual multiplication
morphism Γ ⊗
Φ
Γ → Γ which is bijective by Remark 5.2. Hence the long exact homology sequence of
(5.8) shows
Hi(c) = 0 for i 6 d. (5.9)
Applying the functor n
L⊗
Γ
− to (5.8) gives a triangle
n
L⊗
Γ
c −→ n L⊗
Γ
RHomΓ(Γ,Γ)
L⊗
Φ
Γ
n
L⊗
Γ
µ
−→ n L⊗
Γ
Γ −→
in D(Γ) which can be identified with
n
L⊗
Γ
c −→ RHomΓ(Γ, n)
L⊗
Φ
Γ
εn−→ n −→ .
Comparing with the triangle in the lemma shows x ∼= n L⊗
Γ
c whence (5.9) implies (5.7). 
Lemma 5.10. Let (Φ,F )
φ→ (Γ,G ) be a d-pseudoflat epimorphism of d-homological pairs. Let n, n′ ∈
mod(Γ) and i ∈ {0, . . . , d} be given. There is an isomorphism
HomDb(mod Γ)(n,Σ
in′)
φ∗(−) // HomDb(mod Φ)
(
φ∗(n),Σiφ∗(n′)
)
.
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Proof. The morphism in the lemma can be identified with the horizontal morphism in the following
commutative diagram.
HomD(Γ)(n,Σ
in′)
RHomΓ(Γ,−) //
HomD(Γ)(εn,Σ
in′)
**
HomD(Φ)
(
RHomΓ(Γ, n),RHomΓ(Γ,Σ
in′)
)
∼

HomD(Γ)
(
RHomΓ(Γ, n)
L⊗
Φ
Γ,Σin′
)
The vertical morphism is the adjunction isomorphism and ε is the counit of the adjunction. The
diagram is commutative by adjoint functor theory. The lemma will follow if we can prove that the
diagonal morphism HomD(Γ)(εn,Σ
in′) = ε∗n is an isomorphism. This is true because the triangle in
Lemma 5.9 gives a long exact sequence containing
Hom(x,Σi−1n′) −→ Hom(n,Σin′) ε
∗
n−→ Hom(RHomΓ(Γ, n) L⊗
Φ
Γ,Σin′
) −→ Hom(x,Σin′)
where Hom means HomD(Γ), and where the outer terms are zero since i ∈ {0, . . . , d} while x satisfies
Hi(x) = 0 for i 6 d by Lemma 5.9. 
6. Proof of Theorem A
This section proves Theorem A in the following steps: Proposition 6.2 says the map in Theorem A takes
values in functorially finite wide subcategories, Proposition 6.4 says it is surjective, and Proposition
6.6 that it is injective.
Setup 6.1. In this section, (Φ,F ) is a fixed d-homological pair.
Proposition 6.2. If (Φ,F )
φ−→ (Γ,G ) is a d-pseudoflat epimorphism of d-homological pairs, then
φ•(G ) is a functorially finite wide subcategory of F .
Proof. To see that φ•(G ) is wide, we use Proposition 3.8 with G = φ∗. We must check that conditions
(a) and (b) in the proposition are satisfied.
(a): By Remark 5.3, the functor φ∗ is exact. By Proposition 5.6, it restricts to a full and faithful
functor G
φ•−→ F .
(b): Holds by Lemmas 3.5 and 5.10.
To see that φ•(G ) is functorially finite, note that G
φ•−→ F has left and right adjoint functors by
Proposition 5.5. Hence the inclusion of φ•(G ) into F has left and right adjoint functors, whence
φ•(G ) is functorially finite by Lemma 4.4 and its dual. 
Construction 6.3. Let W ⊆ F be a functorially finite wide subcategory. We construct what will
turn out to be a d-pseudoflat epimorphism of d-homological pairs (Φ,F )
φ→ (Γ,G ) with φ•(G ) = W :
Since W is functorially finite, it is enveloping in F . Let F
i∗−→ W be a left adjoint to the inclusion
functor W
i∗−→ F , see Proposition 4.5(i). Set
s = i∗(ΦΦ) , Γ = EndΦ(s) (6.1)
so s acquires the structure ΓsΦ. There is an algebra homomorphism
EndΦ(ΦΦ)
i∗(−)−→ EndΦ
(
i∗(ΦΦ)
)
= EndΦ(s)
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which, up to canonical isomorphism of the source, is an algebra homomorphism
Φ
φ−→ Γ.
By Remark 5.3 there is a functor mod(Φ)
φ!−→ mod(Γ) given by φ!(−) = HomΦ(Γ,−), and we set
G = φ!(W ) ⊆ mod(Γ). 2
Proposition 6.4. Let W ⊆ F be a functorially finite wide subcategory. Construction 6.3 gives a
d-pseudoflat epimorphism of d-homological pairs (Φ,F )
φ→ (Γ,G ) with φ•(G ) = W .
Proof. The proof is divided into several claims.
Claim (i): The module s and the algebra Γ from Construction 6.3 satisfy ΓsΦ ∼= ΓΓΦ.
The unit η of the adjunction (i∗, i∗) from Construction 6.3 gives a morphism ΦΦ
ηΦΦ−→ i∗i∗(ΦΦ) = s.
Set u = ηΦΦ(1). Define a map
Γ
γ−→ s , x 7−→ x(u)
which makes sense because x ∈ Γ is an endomorphism of s. Using that ηΦΦ is a strong W -envelope
by Lemma 4.4, it is straightforward to check that γ is a bijective homomorphism of Γ-Φ-bimodules.
Claim (ii): W is a projectively generated d-abelian category with P (W ) = add(sΦ) = add(ΓΦ).
The equality add(sΦ) = add(ΓΦ) holds by Claim (i). The rest of Claim (ii) holds by Proposition 4.2(i)
and Proposition 4.9.
For the next claims, recall from Remark 5.3 that the algebra homomorphism φ gives a restriction of
scalars functor φ∗ which has left and right adjoint functors:
mod(Γ)
φ∗(−) // mod(Φ).
φ∗(−) =−⊗
Φ
Γ
vv
φ!(−) = HomΦ(Γ,−)
hh
Claim (iii): There is a d-homological pair (Γ,G ) and an equivalence of categories W
φ!|W // G .
By [16, thm. 3.20] and Claim (ii), the functor
W
W (s,−)
// mod(Γ) (6.2)
is full and faithful, and its essential image is a d-cluster tilting subcategory of mod(Γ). Using Claim
(i) we get W (s,−) = HomΦ(s,−)|W = HomΦ(Γ,−)|W = φ!(−)|W , so (6.2) can be identified with
W
φ!|W // mod(Γ). Claim (iii) follows since φ!(W ) = G by definition.
Claim (iv): Consider the adjunction (φ∗, φ!). The counit homomorphism φ∗φ!(p) εp−→ p is bijective
for p ∈ P (W ).
The homomorphism εp is the canonical homomorphism
φ∗φ!(p) = HomΦ(Γ, p)⊗
Γ
Γ
εp−→ p.
Using Claim (i) it can be identified with the canonical homomorphism
HomΦ(s, p)⊗
Γ
s
p−→ p.
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However, sΦ is an isomorphism because HomΦ(s, sΦ) = ΓΓ, cf. Equation (6.1). Hence p is an
isomorphism for p ∈ add(sΦ), that is, for p ∈ P (W ) by Claim (ii).
Claim (v): φ∗ and φ! restrict to quasi-inverse equivalences
G
φ∗|G //
W .
φ!|W
oo
We already have the equivalence φ!|W by Claim (iii). Any adjoint is a quasi-inverse, so φ∗|G is a
quasi-inverse if it maps G to W . To see that it does, let g ∈ G be given. Then
g ∼= φ!(w)
for some w ∈ W . By Proposition 4.10 there is an exact sequence p1 → p0 → w → 0 with pi ∈ P (W )
which stays exact when we apply the functor HomΦ(p,−) with p ∈ P (W ). By Claim (ii) it stays exact
when we apply the functor φ!(−) = HomΦ(Γ,−). The functor φ∗ is exact by Remark 5.3 so there is
a commutative diagram with exact rows,
φ∗φ!(p1) //
εp1

φ∗φ!(p0) //
εp0

φ∗φ!(w) //
εw

0
p1 // p0 // w // 0.
The εpi are bijective by Claim (iv), so εw is bijective which proves
φ∗g ∼= φ∗φ!(w) ∼= w ∈ W .
Claim (vi): (Φ,F )
φ→ (Γ,G ) is a d-pseudoflat epimorphism of d-homological pairs with φ•(G ) = W .
We already have the d-homological pair (Γ,G ) by Claim (iii). The algebra homomorphism φ is a
morphism of d-homological pairs since
φ∗(G ) = W (6.3)
by Claim (v) whence φ∗(G ) ⊆ F . The functor φ• = φ∗|G is full and faithful by Claim (v), whence φ
is an epimorphism of d-homological pairs by Proposition 5.6. Equation (6.3) shows φ•(G ) = W .
Finally, there is an isomorphism
TorΦd (Γ,Γ)
∼= DExtdΦ(Γ,DΓ) = (∗),
and we can write (∗) more elaborately as
(∗) = DExtdΦ
(
ΓΦ, φ∗((DΓ)Γ)
)
= (∗∗).
However, ΓΦ ∈ P (W ) by Claim (ii), so ΓΦ ∈ Pe(W ) by Proposition 4.7. And (DΓ)Γ is injective so is
in G whence φ∗((DΓ)Γ) ∈ W by Equation (6.3). But then (∗∗) = 0 so φ is d-pseudoflat. 
Lemma 6.5. Let (Φ,F )
θ−→ (Λ,L ) be a d-pseudoflat epimorphism of d-homological pairs and set
W = θ•(L ).
Then W is a functorially finite wide subcategory of F by Proposition 6.2, and θ is equivalent to the
d-pseudoflat epimorphism of d-homological pairs (Φ,F )
φ−→ (Γ,G ) from Construction 6.3.
Proof. The functor L
θ•−→ F is full and faithful by Proposition 5.6. We can factorise θ• as L j−→
W
i∗−→ F , where i∗ is the inclusion functor and j is an equivalence of categories acting in the same
way as θ•, that is, taking a Λ-module and viewing it as a Φ-module through θ. There is a left adjoint
of θ• given by
θ•(−) = −⊗
Φ
Λ,
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and it induces a left adjoint of i∗ given by
i∗(−) = jθ•(−) = j(−⊗
Φ
Λ).
There is a commutative diagram of algebra homomorphisms,
EndΛ(ΛΛ)
j(−)v

EndΦ(ΦΦ)
θ•(−) 77
i∗(−)=jθ•(−)
''
EndΦ(ΛΦ).
The vertical homomorphism is bijective because j is an equivalence of categories. Up to canonical
isomorphism, the ascending diagonal homomorphism is Φ
θ−→ Λ. The descending diagonal homo-
morphism is Φ
φ−→ Γ from Construction 6.3. Hence, up to canonical isomorphism, the diagram
is
Λ
λv

Φ
θ
88
φ
&&
Γ,
(6.4)
where we write λ = j(−).
Proposition 6.4 says that φ is a d-pseudoflat epimorphism of d-homological pairs (Φ,F )
φ−→ (Γ,G )
with W = φ•(G ), and we have W = θ•(L ) by definition. This means that W = φ∗(G ) = θ∗(L ),
and since φ∗, θ∗, and λ∗ are full and faithful, (6.4) then implies λ∗(G ) = L . Hence λ is an
isomorphism (Λ,L )
λ−→ (Γ,G ) of d-homological pairs, which together with (6.4) gives the conclusion
of the lemma. 
Proposition 6.6. Let (Φ,F )
φ1−→ (Γ1,G1) and (Φ,F ) φ2−→ (Γ2,G2) be d-pseudoflat epimorphisms of
d-homological pairs. Then (φ1)•(G1) = (φ2)•(G2) if and only if φ1 is equivalent to φ2.
Proof. If φ1 is equivalent to φ2 then (φ1)•(G1) = (φ2)•(G2) is immediate.
Conversely, if (φ1)•(G1) = (φ2)•(G2) then set W = (φ1)•(G1). Lemma 6.5(ii) shows that φ1 and φ2
are both equivalent to the d-pseudoflat epimorphism of d-homological pairs (Φ,F )
φ−→ (Γ,G ) from
Construction 6.3, whence φ1 is equivalent to φ2. 
7. Proof of Theorem C
This section uses Theorem B to prove Theorem C. The following definition is used repeatedly.
Definition 7.1 (Semisimple categories, see [8, sec. 1]). We say that an additive category is semisimple
if the endomorphism ring of each object is semisimple. 2
Recall that d > 1 is a positive integer. Let Q be the quiver m → · · · → 2 → 1, where m > 3. It
is shown in [26, thm. 3] that a quotient of kQ by an admissible ideal I has global dimension d and
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admits an d-cluster tilting subcategory F if and only if I = (rad kQ)`, where
m− 1
`
=
d
2
(7.1)
and d is even in case ` > 2. Moreover, in this case the objects in F are precisely the direct sums
of projectives and injectives. Our goal is to classify all wide subcategories of F . For ` = 2 it is
easy to see that there are no non-semisimple wide subcategories of F except F itself. Among the
semisimple subcategories, all are wide except the ones containing both the simple projective and the
simple injective module. So this case is clear. In what follows we will therefore assume that ` > 2 and
d is even so that the fraction in (7.1) is an integer.
Let us begin by fixing some notation. Set Φ = Φm,` := kQ/(rad kQ)
`, where Q and ` are as above.
For each i ∈ Q0 we denote the corresponding indecomposable projective Φ-module by pi and the
corresponding indecomposable injective Φ-module by qi. Note that for ` 6 i 6 m we have pi = qi−`+1.
We consider the basic d-cluster tilting module
f =
m+`−1⊕
i=1
fi
where fi = pi for each 1 6 i 6 m and fi = qi−`+1 for each m + 1 6 i 6 m + `− 1. As mentioned we
are interested in wide subcategories of the d-cluster tilting subcategory F = add(f) ⊆ mod(Φ). For
an additive subcategory W ⊆ F we denote the number of isomorphism classes of indecomposables in
W by |W |. In particular, |F | = m+ `− 1 = `(d+ 2)/2. As a guiding example consider the following.
Example 7.2. Let d = 4, ` = 4, and m = 9. Then (9 − 1)/4 = 2 = 4/2 so that (7.1) holds. Below
we give the Auslander–Reiten quiver of Φ9,4, with the modules fi indicated.
f1 • • • • • • • f12
f2 • • • • • • f11
f3 • • • • • f10
f4 f5 f6 f7 f8 f9
2
As a representation of Q the module fi assigns to vertex j the vector space k if i − ` + 1 6 j 6 i
and 0 otherwise. Moreover the corresponding maps k → k are all equal to 1. For example, as a
representation, f6 in Example 7.2 is
0→ 0→ 0→ k 1→ k 1→ k 1→ k → 0→ 0,
whereas f3 is
0→ 0→ 0→ 0→ 0→ 0→ k 1→ k 1→ k.
Considering these representations we readily deduce the following two basic observations on morphisms
in F : First, the dimensions of morphism spaces in F are given by the formula
dimk HomΦ(fi, fj) =
{
1 if 0 6 j − i 6 `− 1,
0 otherwise.
(7.2)
Secondly, if i 6 q 6 j, then each morphism from fi to fj factors through fq.
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To compute extension groups we will employ higher Auslander–Reiten duality:
ExtdΦ(f, f
′) ∼= DHomΦ(τ−d f ′, f),
where τ−d := τ
−Ω−(d−1) and τ− is the inverse Auslander–Reiten translation. By [26, lem. 4.8] we have
τ−d fi = fi+m
for each 1 6 i 6 `− 1.
Let us start by describing the semisimple wide subcategories of F . See Definition 7.1 for the notion
of semisimplicity.
Proposition 7.3. Let W ⊆ F be an additive subcategory. Then W is semisimple and wide if and
only if for all distinct fi, fj ∈ W we have ` 6 |i− j| 6 m− 1.
Combinatorially we can interpret Proposition 7.3 as follows: If we identify the modules fi with the
vertices in a cyclic graph such that fi and fi+1 are neighbours, then a semisimple wide subcategory
W corresponds to a subset of vertices where each vertex has distance at least ` to each of the others.
Proof. By our description of morphisms in F , the subcategory W is semisimple if and only if ` 6
|i − j| for all distinct fi, fj ∈ W . It follows by [13, prop. A.1] that W is then wide if and only if
ExtdΦ(fi, fj) = 0 for all fi, fj ∈ W . It is enough to check this condition for m < i and j < ` and by
higher Auslander–Reiten duality it can be replaced by DHomΦ(fj+m, fi) = 0, which holds if and only
if j + m > i, i.e., i − j 6 m − 1. Now |i − j| > m − 1 is only possible if m < i and j < `, or m < j
and i < `, so we conclude that W is wide if and only if |i− j| 6 m− 1 for all i and j. 
In order to deal with the non-semisimple subcategories we need to get some control over the d-exact
sequences in F . Let fi
µ→ fj be a non-zero morphism where i 6= j. Then 0 6 j − i 6 `− 1. Note also
that µ is a monomorphism if and only if j 6 ` and an epimorphism if and only if i > m. In all other
cases we can extend f to an exact sequence
fj−`
λ→ fi µ→ fj ν→ fi+`.
So if we introduce the convention that fq = 0 for each q 6 0 and each q > m + `, then we have the
above exact sequence even when µ is a monomorphism or an epimorphism. Note that we do not care
what the maps λ and ν actually are, as they are determined up to a non-zero scalar by Equation (7.2).
Furthermore, the morphism λ is in fact an F -cover of Kerµ. Indeed, if θ : fq → Kerµ is nonzero,
then q < m so fq is projective and θ factors through λ. Moreover, λ is right minimal since fj−` is
indecomposable (or zero in case Kerµ = 0). Similarly, we find that ν is an F -envelope of Cokµ.
Repeating this argument we obtain an acyclic complex
E(µ) : · · · → fj−2` → fi−` → fj−` → fi µ→ fj → fi+`→fj+` → fi+2` → · · ·
Since |F | = `(d + 2)/2, the complex E(µ) has exactly d + 2 non-zero terms and so it is a d-exact
sequence of F . Truncating E(µ) we find that
· · · → fj−2` → fi−` → fj−` → fi
is the minimal d-kernel of µ and
fj → fi+`→fj+` → fi+2` → · · ·
is the minimal d-cokernel of µ. With this understanding of d-kernels and d-cokernels we can prove the
following result.
Lemma 7.4. Let W ⊆ F be an additive subcategory which is not semisimple. Assume that W is
closed under minimal d-kernels and minimal d-cokernels. Then 0 6= fq ∈ W implies fq+r` ∈ W for
each r ∈ Z.
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Proof. Since W is not semisimple there are fi, fj ∈ W such that 1 6 j − i 6 `− 1. By the discussion
above we have that fi+t`, fj+t` ∈ W for each t ∈ Z. Pick t = b q−i` c. Then we find that fi+t` 6= 0 or
fi+t`+` 6= 0 and so there is a non-zero morphism fi+t` → fq or fq → fi+t`+`. In either case fq+r` ∈ W
for each r ∈ Z. 
Definition 7.5 (`-periodic subcategories). We say that an additive subcategory W ⊆ F is `-periodic
if it is not semisimple and 0 6= fq ∈ W implies fq+r` ∈ W for each r ∈ Z. 2
By Lemma 7.4, each non-semisimple wide subcategory of F is `-periodic. We will use Theorem B to
show that, conversely, each `-periodic subcategory is wide. We begin with some additional notation.
For any i, j let Fij = add{fq | i 6 q 6 j}. Set Wij = W ∩Fij for each additive subcategory W ⊆ F .
Now assume that W is `-periodic. Then W is uniquely determined by Wi,i+`−1 for each 1 6 i 6 m.
Moreover the number `′ := |Wi,i+`−1| is independent of i and |W | = `′(d + 2)/2. Note that `′ > 2 as
W is not semisimple. Set m′ = `′d/2 + 1 so that |W | = m′+ `′− 1. Then there is a unique increasing
map ι : {1, . . . ,m′+ `′−1} → {1, . . . ,m+ `−1} such that f ′ = ⊕m′+`′−1i′=1 fι(i′) is an additive generator
of W . Moreover, this map satisfies
ι(i′ + `′) = ι(i′) + `.
Next we introduce a candidate for the object s in Theorem B. Set si′ = fι(i′) for each 1 6 i′ 6 m′.
Further set
s =
m′⊕
i′=1
si′ , Γ = EndΦ(s).
Lemma 7.6. Assume that W is `-periodic and use the notation above. Then there is an algebra
isomorphism Γ ∼= Φm′,`′ and so there is a unique d-cluster tilting subcategory in mod(Γ).
Proof. First we observe that if 0 6 j′−i′ 6 `′−1 then dimk HomΦ(fι(i′), fι(j′)) = 1 because fι(i′), fι(j′) ∈
Wι(i′),ι(i′)+`−1. On the other hand, from ι(i′ + `′) = ι(i′) + ` we obtain HomΦ(fι(i′), fι(i′+`′)) = 0 and
more generally HomΦ(fι(i′), fι(j′)) = 0 if j
′ − i′ > `′ or i′ > j′. Furthermore if i′ 6 q′ 6 j′, then
ι(i′) 6 ι(q′) 6 ι(j′) so each morphism from fι(i′) to fι(j′) factors through fι(q′). From this it follows
that Γ ∼= Φm′,`′ . 
Now we are ready to show that W is wide. To illustrate let us consider Example 7.2. Below we have
indicated a 4-periodic subcategory W by encircling the corresponding indecomposables.
f1 • • • • • • • f12
f2 • • • • • • f11
f3 • • • • • f10
f4 f5 f6 f7 f8 f9
We have `′ = 2, m′ = 5. The module s is given by
s1 = f2 , s2 = f3 , s3 = f6 , s4 = f7 , s5 = f10.
Consider the conditions of Theorem B. Using higher Auslander–Reiten duality one can readily check
that Ext>1Φ (s, s) = 0. The modules f2, f3, f6, f7 and f10 trivially permit exact sequences as in Theorem
B, condition (iii). So it remains to deal with f11, which has the exact sequence
0→ s1 → s2 → s3 → s4 → s5 → f11 → 0. (7.3)
Now consider the Auslander–Reiten quiver of Γ ∼= Φ5,2 with the indecomposables of its d-cluster tilting
subcategory G labelled f ′i′ for 1 6 i′ 6 6.
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f ′1 • • • f ′6
f ′2 f
′
3 f
′
4 f
′
5
By definition HomΦ(s, si′) = f
′
i′ . Moreover, applying HomΦ(s,−) to the sequence (7.3), we obtain
0→ f ′1 → f ′2 → f ′3 → f ′4 → f ′5 → HomΦ(s, f11)→ 0
which is exact since Ext>1Φ (s, s) = 0. This is in fact the minimal projective resolution of f
′
6 so in
particular, HomΦ(s, f11) = f
′
6, which shows that HomΦ(s,W ) = G . Next we turn to the general case.
Lemma 7.7. Any `-periodic subcategory W ⊆ F is wide.
Proof. We define s as above. As in the example it is enough to show that Theorem B applies. Let us
check conditions (i)–(iv) in the theorem.
(i): Φ has finite global dimension so s has finite projective dimension.
(ii): Since F is d-cluster tilting we only need to show that ExtdΦ(s, si′) = 0 for each i
′. To do this
we apply higher Auslander–Reiten duality ExtdΦ(s, si′)
∼= DHomΦ(τ−d si′ , s). Using τ−d fi = fi+m and
(m − 1)/` = d/2 = (m′ − 1)/`′ we compute that τ−d si′ = τ−d fι(i′) = fι(i′)+m−1+1 = fι(i′+m′−1)+1. Since
ι(i′+m′−1)+1 > ι(m′) we get HomΦ(fι(i′+m′−1)+1, s) = 0 and so ExtdΦ(s, si′) ∼= DHomΦ(τ−d si′ , s) = 0.
(iii): We only need to construct the exact sequences required in condition (iii) for each indecomposable
fι(i′) ∈ W . For 1 6 i′ 6 m′ we have si′ = fι(i′) so there is nothing to do. Let m′+ 1 6 i′ 6 m′+ `′− 1.
Since sm′ = fι(m′) ∈ Wm,m+`−1, there is an epimorphism µ : sm′ → fι(i′). By our previous discussion
on d-extensions, we can extend µ to get the desired exact sequence,
0→ s1 → si′−m′+1 → · · · → si′−`′ → sm′ µ→ fι(i′) → 0. (7.4)
(iv): By definition,
G = add{HomΦ(s, fι(i′)) | 1 6 i′ 6 m′ + `′ − 1}.
On the other hand, since Γ ∼= Φm′`′ we know that the unique d-cluster tilting subcategory of mod(Φm′`′)
is
G ′ = add{f ′i′ | 1 6 i′ 6 m′ + `′ − 1}
where f ′i′ = HomΦ(s, si′) for each 1 6 i′ 6 m′ and f ′i′ = DHomΦ(si′−`′+1, s) for each m′ + 1 6 i′ 6
m′ + `′ − 1. We will show G = G ′ by showing that HomΦ(s, fι(i′)) ∼= f ′i′ . This is true by definition for
1 6 i′ 6 m′, so we may assume m′ + 1 6 i′ 6 m′ + `′ − 1.
By [17, prop. 2.2] and the fact ExtdΦ(s, s1) = 0, we find that applying HomΦ(s,−) to the exact sequence
(7.4) from part (iii) yields an exact sequence
0→ HomΦ(s, s1)→ HomΦ(s, si′−m′+1)→ · · · → HomΦ(s, sm′)→ HomΦ(s, fι(i′))→ 0.
Dropping the last term in this sequence gives
0→ f ′1 → f ′i′−m′+1 → · · · → f ′i′−`′ → f ′m′ .
Now our discussion on d-exact sequences applies also to Γ ∼= Φm′`′ so we have an exact sequence
0→ f ′1 → f ′i′−m′+1 → · · · → f ′i′−`′ → f ′m′ → f ′i′ → 0
whence HomΦ(s, fι(i′)) ∼= f ′i′ . 
We can now finally prove Theorem C.
Proof (of Theorem C). Lemma 7.4 shows that if W is wide, then W is `-periodic. Conversely, if W is
`-periodic, then it is wide by Lemma 7.7. Finally each `-periodic subcategory W is determined by an
arbitrary choice of `′ > 2 indecomposables from F1`. Evidently there are 2` − `− 1 such choices. 2
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